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Polaron states in a linear chain of fullerenes have been investigated using the Su-Shriffer-Heeger model
supplemented by the Hubbard on-site Coulomb energy. The model is solved numerically within the adiabatic
approximation. In this study, the electron charge distribution over the molecular surface, Jahn-Teller distortions
of bonds between carbon atoms, and the density of electron states have been calculated self-consistently for a
linear chain of C60 molecules with one extra electron or hole. It is shown that the structure of an electron or
hole polaron in the chain differs from the structure of the polaron in a single molecule. These distinctions are
caused by both the conjugation ofp electrons on the nearest-neighbor molecules and electron-electron corre-
lation. Finally, the critical value of the intermolecular hopping integral for the existence of a self-trapped
charge carrier due to the lattice distortion has been determined.















































The outstanding discovery1 of the fullerene has created
new field of research at the boundary of chemistry a
condensed-matter physics, and the properties of the C60 mol-
ecule and C60 solids have been the subject of much attent
from both experimental and theoretical viewpoints. The t
oretical interests lie in investigating the bonding charac
and stability of the isolated fullerene and heterofullere
molecules and C60 solids,
2–4 the reactivity of the C60
fullerene,5 and insertion of different atoms in C60 fullerene
cages.6–8 Solid C60 is a molecular crystal bound by van d
Waals forces and its properties reflect both the propertie
individual C60 molecules as well as the solid. However, t
electronic configuration of crystal C60 is fundamentally dif-
ferent from usual molecular crystals because of the co
gated character of the bonds in solid C60. In the C60 mol-
ecule, as well as in conjugated polymers, the chem
bonding inside the molecule leads to one unpaired elec
(p electron! per carbon atom. Thesep electrons delocalize
on the quasi-two-dimensional surface of the C60 molecule
and can move between molecules in solid C60. In spite of the
fact that p conjugation between C60 molecules is much
weaker than inside the C60 molecule, solid C60 as crystal has
remarkable physical properties.
Among different properties, the unusual behavior
fullerenes as a function of alkali-metal doping has been
tensively studied.9 For example,A3C60 (A5K, Rb, or Cs! is
a superconductor, whereasA4C60 and A6C60 are insulators.
KC60 shows a metallic temperature dependence of the e
trical conductivity, while RbC60 is an insulator at ambien
pressure but under pressure it transforms to a met
phase.10 A dimer phase for LixC60 (x<1) has been
identified.11 Until now many experimental and theoretical i
vestigations aimed at revealing the nature of the unique
havior of pure and doped C60 solids have been conducte














are strongly correlatedp electron systems and thatp elec-
trons interact with the intramolecular distortions of the C60
molecules. This is due to the narrow bandwidth compa
with the strong intramolecular Coulomb repulsion and t
presence of Jahn-Teller~JT! distortions in the C60 molecule.
Several theoretical studies have shown that an electron~h le!
doped in a C60 molecule is self-trapped by the JT distortion
of its structure, forming a polaron by means of electro
lattice interactions.12–14 Polaron states in a linear chain o
fullerenes caused by the cooperative Jahn-Teller effe15
have been reported. In accordance with the Landau con
of the polaron~an electron that can be trapped by digging
own hole in a crystal!,16 from these studies it follows tha
upon addition of an electron the C60 molecule distorts and
additional charge is almost completely accumulated in
equatorial ring circling the C60 molecule, i.e., a molecula
polaron forms. Therefore, one could expect that the prop
ties of the doped C60 solids will be determined by the prop
erties of the molecular polarons of individual molecule
However, theoretical investigations conducted up to
present have revealed some interesting collective prope
connected both with the conjugated character of bonds
tween molecules in C60 solids and with the strong correlatio
of p electrons. For example, calculations of the electro
structure of C60 solids with full-potential and all-electronab
initio formalism17,18 have shown that the electronic structu
is sensitive to the orientation of the fullerenes in the crys
Variation in the band structures of one- and tw
dimensional C60 polymers with changes in thep conjugation
was studied using a semiempirical model with Su-Schrieff
Heeger-type electron-phonon interactions.19,20 It has been
found that the electronic structures change from direct-
insulators to metals, depending on the degree ofp conjuga-
tion. The C60 polymer doped with one electron per molecu
is always a metal whereas doping with two electrons C60 can
change the electronic structure from an indirect-gap insula
to a direct-gap insulator, as the conjugations beco
















































BELOSLUDOV, INERBAEV, BELOSLUDOV, AND KAWAZOE PHYSICAL REVIEW B67, 155410 ~2003!~Ref. 22! and the electronic structure of linear chains
fullerenes23,24 caused by the cooperative Jahn-Teller eff
were studied using a generalized Su-Shrieffer-Heeger~SSH!
model for the intermolecular and intramolecular degrees
freedom. It was shown that only the cooperative Jahn-Te
effect can explain the existence of metallic and insulat
phases in these compounds. The JT distortions can aris
A4C60 with strong electron correlation and change a Mo
Hubbard insulator into a band insulator.25 Inhomogeneous
charge distribution among carbon atoms inA3C60 appears
with JT distortions.26 Models with Coulomb interactions
were used for calculation of the electronic structure of C60
polymers and a phase diagram was obtained by changing
Coulomb interaction strengths and the parameter ofp con-
jugation between C60 molecules.
27 It was found that antifer-
romagnetism can be described by this model. Using a mo
with electron-electron and electron-phonon interactions
was shown28 that both interactions are important for expl
nation of observed anomalies in the alkali-metal-dop
AxC60. JT distortion of the C60 molecule could create a
effective electronic interaction that would modulate electro
electron repulsion, so thatA3C60 is metallic and supercon
ducting, whileA4C60 and A6C60 are insulating
29. As shown
by experiment,30 dynamic JT distortions can induce attra
tive electronic interactions in odd-electron systems. Sincp
electrons in electron-~hole-! doped C60 solids are strongly
correlated, the interplay between an electron-phonon inte
tion and electron-electron repulsion may be important in
derstanding the origin of high-temperature superconducti
at finite doping. For low doping of C60 solids and weakp
conjugations between C60 molecules one could suggest th
electrons form polarons on single molecules. Will the m
lecular polarons remain such with increasing conjugat
strength and doping level? Does the electron correlation
conjugation ofp electrons have a strong effect on the co
ditions under which polarons can form? These questions
important to understand the nature of the unusual phys
properties of doped C60 solids.
We, therefore, investigate the role of electron correlati
conjugation ofp electrons and level of doping on formatio
of polarons in C60 solids. For description of the polaron w
use a generalized SSH model for the intermolecular and
tramolecular degrees of freedom including a Hubbard-t
on-site interaction. Our previous results show that this mo
satisfactorily describes the physical picture of the pheno
ena as well as several properties of the fullere
compounds.15,22–24
II. MODEL
The model Hamiltonian for the C60 crystal including elec-
tron correlation can be written as the sum of the exten




2 (n (̂i j & ~di j
n !21
K8































2 (n,n8^ i j &s
t i j
n,n8anis





† ani↓ . ~4!
Hereanis
† creates ap electron of spins on thei th carbon
atom of thenth molecule; intramolecular hopping integra
for the nth molecule are represented byt i j
nn5t2adi j
n for
nearest-neighbors and 0 otherwise;di j
n is the change in bond
length between sitesi and j of moleculen; intermolecular
hopping integrals from moleculen to n8 are given byt i j
nn8
5T2a8di j
n,n8 for nearest-neighbors and 0 otherwise;di j
n,n8 is
the change in bond length between sitesi in moleculen and
j in moleculen8; a anda8 are the electron-lattice couplin
constants; andU is the on-site Hubbard electron-electron i
teraction. In the approximation where displacements of c
bon atoms caused by intramolecular and intermolecular
brations are ignored,Hph is the bond-stretching energy of th
crystal with spring constantsK andK8.
For simplicity, we have not considered electron-electr
interactions among electrons located at different sites. It
be supposed that this interaction will merely ‘‘renormalizet
and U.31 As usual we treat the above Hamiltonian in th
adiabatic approximation.
In the one-electron approximation the wave functionc is
n
of a p electron with spins on carbon atomi of moleculen
can be represented byc is
n 5anis
† u0& (u0& is the ground state o
the system withoutp electrons!. The electron eigenfunction
cm is
n at site i corresponding to the energy level«m can be




































In the Hartree-Fock approximation,H⇒HHF ,
HHF52 (











Equation~5! can be written as0-2











































n is the electron density on thei th carbon atom























































































The nonlinear system of equations~8!, ~12!, and ~13! is
closed and its solution allows self-consistent determina15541al
n
of the electron structure of a one-dimensional C60 crystal, the
distributions of bond lengths between carbon atoms, and
charge densities with spins up and down on each site. Fo
ideal crystal one can use translational symmetry to red
the system of 120N (N is the number of C60 molecules in the
crystal! equations to a system of 120 equations, because
unit cell contains one C60 molecule. In the case of crysta
doping by one electron~hole! and creation of a polaron, th
translational symmetry is broken and, in general, in orde
find a solution, the system of 120N equations has to be
solved. Thus, to study polaron formation, it is necessary
consider a larger cell than the basic unit cell. We have the
fore constructed a supercell ofm unit cells consisting ofm
C60 molecules and one excess electron~hole!. In this case the
system of 120N equations is reduced to a system of 120m
equations. The value ofm is determined from the condition
that the resulting system of equations would permit desc
tion of the creation of polaron in the C60 crystal to a reason-
able degree of approximation. It is convenient to introduce
this case two indicesn and l for molecules in the crysta
supercell instead of one indexn. Thusc is
nl is the eigenfunc-
tion of an electron at sitei of the l th (l 51,2, . . . ,m) mol-
ecule in supercelln (n51,2, . . . ,Nc) of the crystal. Using









whereNc is the number of supercells,ac5ma is the length
of the supercell,a is the length of the unit cell,q is the
modulus of the reciprocal lattice vector. Applying the tran
lational symmetry,c is
nl5c is




l ,l 11 .
The system of equations~8! can be presented in the matr
form as














A1 B12 0 . . . 0 2 cos~qac!B
1m
B21 A2 B23 0 . . . 0
0 B32 A3 B34 . . . 0
A A A  A A
0 . . . . . . . . . Am21 Bmm21
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Cs
1 0 . . . . . . . . . 0
0 Cs
2 0 . . . . . . 0
0 0 Cs
3 0 . . . 0
A A A  A A
0 . . . . . . 0 Cs
m21 0






k 0 . . . . . . . . . 0
0 n2s
k 0 . . . . . . 0
0 0 n3s
k 0 . . . 0
A A A  A A
0 . . . . . . 0 n59s
k 0
0 . . . . . . . . . 0 n60s
k
4 . ~18!
HereN is the number of molecules in the crystal,Al is the 60
360 matrix corresponding to the hopping of electrons
tween carbon atoms inside thel th fullerene molecule:Ai j
l
5t2adi j
l for nearest-neighbors of thei th and j th carbon
atoms of thel th molecule.Bll 11 is a 60360 matrix that
describes electron hopping between nearest-neigh
fullerene moleculesl and l 11: Bi j
ll 115T2a8di j
l l 11 for
nearest-neighbors of thei th carbon atom on thel th molecule
and thej th carbon atom on thel 11th molecule and 0 other
wise.
From Eqs.~12!–~14! one can obtaindi j
l anddi j












































III. RESULTS AND DISCUSSION
As was described above, in order to solve the problem
the existence of one polaron in the C60 chain we have used
the approximation in which the possibility of the existence
a polaron in a supercell was considered. The o
dimensional chain was modeled by means of defining
supercell from three, five, seven, or nine fullerene molecu
In our calculations the parameter of the intermolecular e
tron hoppingT was varied from 0.01t to 0.4t (t is the value
of intramolecular hopping integral!. The system~16! of self-
consistent equations was solved numerically by ordinary
eration techniques. The calculations were conducted in










The interatomic distances and charges on the central60
molecule were initially set to the values corresponding to
isolated charged molecule. Those of the other molecu
were initially set to the values of an isolated neutral m
ecule. These values were determined form the calculation
the electronic structure and bond lengths between carbon
oms for isolated charged and neutral C60 molecules, respec
tively. The initial bond lengths between atoms in the neut
molecule were equal. In the case of charged molecule
initial bond lengths were taken as the calculated bonds
the neutral molecule.
Following Ref. 14 we have numbered the 60 carbon
oms per C60 molecule as indicated in Fig. 1. Bonds betwe
carbon atoms are numbered as shown in Table I. The
meration of bonds is chosen so that the first 30 bonds s
rate the pentagons from the hexagons and the remainin
bonds separate the hexagons.
For the neutral C60 molecule in the case where electro
electron interaction is neglected,U50 and with the param-
eters t52.5 eV anda56.31 eV/Å,12,32,33 K549.7 eV/Å,12
K85K, a85a two distinct bond lengths exist. Bonds sep
rating the pentagons and hexagons become longer than
bonds separating the hexagons, and changes in the
lengths are identical to previous results.12,13,34The calculated
width of the energy band gap in the electron spectrum of
neutral C60 molecule is equal to 2.25 eV, which agrees w
with the experimental photoelectron and invers
photoelectron spectra for solid C60 ~Ref. 35! as well as ear-
lier calculations.13,14,36In the case ofUÞ0, for 0<U<2t in
the neutral molecule, the bond lengths and energy gap in
electronic spectrum are the same as in the caseU50. With
increasingU, the behavior of the highest occupied molecu
orbital ~HOMO! and lowest unoccupied molecular orbit
~LUMO! energy levels in the electronic spectrum is line
and identical to previous results.36
FIG. 1. Numbering of carbon atoms in the C60 molecule. Bold
numbers show atoms on which the main part of the charge is c
centrated after formation of a string polaron. The heavy curves
dicate the path in which dimerization is suppressed for the st
polaron.~Ref. 13! Front ~a! and back~b! views of an electron or
hole polaron on single C60. Front ~c! and back~d! views of a hole










POLARON IN A ONE-DIMENSIONAL C60 CRYSTAL PHYSICAL REVIEW B 67, 155410 ~2003!TABLE I. Numbering of bonds in the linear chain.
k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
i 1 3 4 5 6 11 12 13 14 19 20 21 22 27 28 29 31 35 36 37 38 43 44 45 46 51 52 54 56
j 2 9 8 10 7 15 16 17 18 23 24 25 26 34 33 30 32 39 40 41 42 47 48 49 50 55 53 58 57
k 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 5
i 1 1 2 2 3 4 5 6 7 7 8 8 9 10 11 13 15 15 16 16 17 17 18 18 19 20 21 22 23
j 3 5 4 6 11 13 12 14 10 22 9 21 19 20 12 14 23 29 24 30 25 32 26 31 27 28 27 28 36
k 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86 87 88 8
i 25 26 29 30 31 32 33 33 34 34 35 36 37 38 39 40 41 42 47 47 48 49 49 50 51 52 53 55 5




































For the C60 molecule with one extra charge, in the ca
whereU50, the same bond lengths between carbon ato
and electronic spectrum as in earlier reports12,14 have been
obtained. Using the notation described above for the car
atoms~Fig. 1! and bonds~Table I!, the distribution of excess
charge and relative changes in bond lengths are show
Fig. 2. It is seen that upon electron as well as hole dop
there occurs a nonhomogeneous distribution of excess ch
on the molecule and dimerization is suppressed on the bo
that connect sites with maximum values of extra cha
@Figs. 1~a,b!#, which corresponds to formation of a strin
polaron.13
Upon addition of extra charge in a one-dimensional C60
crystal under weak conjugation (T/t!1) a polaron is formed
on the central molecule in the supercell, and with increas
conjugation there occurs a redistribution of charge on
other molecules in the supercell. This is accompanied
changes in the bond lengths between carbon atoms and i
electronic structure of the fullerene chain.
In Figs. 3–8 we show the results of calculations of t
charge distribution, changes in the bond lengths, and elec
density of states in a supercell consisting of three C60 mol-
ecules for different doping levels and values of the para
etersT/t andU.
FIG. 2. Charge distribution and distortions in bond lengthsdi j
on a single molecule C60 in the cases of electron~a!, ~b! and hole
~c!, ~d! doping. The numeration of the atoms (NA) and bonds (NB)
corresponds to numberings indicated in Fig. 1 and Table I, res













For small values of the parameterT/t extra charge is lo-
calized on the central molecule. ForU50 distribution of the
excess electron@Fig. 3~a!# and distortions in the bond length
@Fig. 4~a!# in this molecule differ slightly from the case o
the isolated fullerene@Figs. 2~a,b!#, and some spreading o
the string polaron occurs. The behavior of all conside
quantities for the end molecules is the same as for the
lated neutral molecule. Taking the Hubbard interaction in
account produces an insignificant influence on the cha
distribution in the system and has very little influence on
bond lengths@Figs. 3~b! and 4~b!#. In the case of hole doping
for U50, distribution of the excess charge on the cent
molecule@Fig. 5~a!# and changes in the bond lengths@Fig.
6~a!# in this molecule also differ from the case of the isolat
molecule@Figs. 2~c,d!#, while the end molecules remain neu
tral. Figures 1~c,d! show the change in distribution of th
hole polaron on the surface of the central molecule in sup
c ll as compared with the isolated fullerene~Fig. 1!. Inclu-
sion of the Hubbard interaction qualitatively changes the p
ture of Figs. 1~c,d! to that of Figs. 1~a,b! @see also Figs. 5~b!
and 6~b!#.
Increasing the parameterT/t leads to disappearance of th
c-
.
FIG. 3. Charge distribution of carbon atoms in the chain mo
eled by a system of three periodically repeated C60 molecules with
one extra electron:~a! U50, T/t50.1; ~b! U52t, T/t50.1; ~c!
U50, T/t50.4; ~d! U52t, T/t50.4. The results are shown onl
for the central molecule~atom numbers 1–60! and one end mol-





























BELOSLUDOV, INERBAEV, BELOSLUDOV, AND KAWAZOE PHYSICAL REVIEW B67, 155410 ~2003!polaron. The atomic charge distribution differs in the ca
of electron and hole doping. In both cases the charge di
bution on all molecules is similar but on the bonds linki
the end molecules of neighboring supercells the value
extra charge is maximal and it changes most significa
with inclusion of the Hubbard interaction@Figs. 3~c,d! and
5~c,d!#. Distortions in the intramolecular bond lengths a
nearly the same and do not depend on the doping le
However, the bonds linking the central molecule with t
end molecules are shortened, while the bonds between
end molecules in neighboring supercells are stretched, w
leads to a net contraction of the supercell. Account of
FIG. 4. Change in bond lengthdi j in the chain modeled by a
system of three periodically repeated C60 molecules with one addi-
tional electron. The results are shown only for the central~atom
numbers 1–90! and one end molecule~atom numbers 93–182!.
Bonds 91 and 92 link the central and end molecules; while bo
183 and 184 connect the end molecules of neighboring superce
the chain. The results for both end molecules are identical.
FIG. 5. Charge distribution for carbon atoms in the chain m
eled by a system of three periodically repeated C60 molecules
with one additional hole. The numeration of atoms is the sa








Hubbard interaction has practically no influence on the bo
lengths@Fig. 4~c,d! and 6~c,d!#.
The densities of electron states for electron and hole d
ing with U50 in comparison with the neutral chain a
shown on Fig. 7. The electronic structure of the chain
reconstructed. In the case of the neutral chain@F g. 7~a!#, the
interaction between different C60 molecules implies that, dis
tinct from an isolated molecule, the gap in electronic sp
trum is narrowed to 1.78 eV and doubly degenerate ene
levels are split from the corresponding HOMO and LUM
levels of the single molecule. Upon addition of one electr
~hole! to the system these split levels become closer. T





FIG. 6. Change in bond lengthdi j in the chain modeled by a
system of three periodically repeated C60 molecules with one addi-
tional hole. The numeration of atoms is the same as in Fig. 4.
FIG. 7. Electron DOS~in arbitrary units! of the chain modeled
by a system of three periodically repeated C60 molecules forU
50: ~a! Neutral system,T/t50.1; ~b! one additional electron,T/t
50.1 and~c! T/t50.4; ~d! one additional hole,T/t50.1 and~e!


















































POLARON IN A ONE-DIMENSIONAL C60 CRYSTAL PHYSICAL REVIEW B 67, 155410 ~2003!ting between the main peaks increases to 2.2 eV@Figs. 7~b,
c!#. Inclusion of the Hubbard interaction gives an analogo
picture of the electron density of states~DOS!, but then all
energy levels of the system are shifted toward higher e
gies. By introducing one electron~hole!, the additional en-
ergy levels split into two nondegenerate levels, one of wh
is occupied by the extra charge~Fig. 8!. All the results ob-
tained for supercells of larger size are quite similar, w
some insignificant variations.
Figure 9 shows the values of charge on the central
FIG. 8. ElectronDOS ~in arbitrary units! for the chain modeled
by a system of three periodically repeated C60 molecules forU
52t: ~a! Neutral system,T/t50.1; ~b! one additional electron
T/t50.1 and~c! T/t50.4; ~d! one additional hole,T/t50.1 and~e!
T/t50.4. The Fermi levels are marked by the vertical dashed lin
FIG. 9. Distribution of the mean value of charge on the cen
~a! and end molecules~b! for different supercell~supercell size is
indicated by the arrows!. The mean charge in the indicated range
T/t is always greater on the central and end molecules than on




end molecules for supercells consisting of 3, 5, 7, and
fullerenes as a function of the conjugation parameterT/t for
U50 in the case of one added electron per supercell. O
can see that for small enough values of the parameterT/ the
additional charge is localized on the central molecule, a
starting from the threshold valueT* /t'0.215, redistribution
on the end molecules occurs. From Fig. 9, it can be also s
that with increasing supercell size the charge distribution
proaches limiting behavior for largeNc . Thus, we conclude
that a polaron can also exist in the limit of an infinite sup
cell. Change ofU within the considered limits leads to onl
insignificant variations in the resulting picture.
The phenomenon of polaron formation has been also s
ied in many models of interaction of a Fermi particle~the
charge carrier! with a boson field~phonon!.37 Among these
models are the relatively simple tight-binding Holstein38 and
SSH ~Ref. 39! models. Using these models, the formati
and self-trapping transition under changes in the relation
tween the electron-phonon coupling constant, the near
neighbor hopping integral, and the Einstein frequency h
been investigated. Thus, in the one-dimensional Hols
model the line of so-called self-trapping transition separat
the small polaron from the large polaron has be
determined40 and different criteria for single polaron forma
tion have been established.41 By contrast, in our case, th
formation of a polaron in a one-dimensional doped~ lectron
or hole! C60 crystal has been considered. In this model,
distinct from the linear chain Holstein and SSH models,
polaron in the neutral one-dimensional C60 crystal is absent
and forms only when an electron or hole is added.
IV. CONCLUSIONS
The electronic structure of a molecular polaron and as
ciated Jahn-Teller distortions in a doped C60 chain have been
studied with the use of a generalized version of the S
Shrieffer-Heeger model for the intermolecular and intram
lecular degrees of freedom. Inclusion of electron correlat
effects~on-site Hubbard repulsion! has been considered.
The present numerical results for the neutral and do
single C60 systems agree well with the known results.
12,13
When the molecule is doped with one electron or hole
additional charge accumulates along a nearly equatorial
in the molecule. Dimerization becomes weaker along
same line. In both cases of electron and hole doping
forms of the polaron on an isolated molecule are the same
the case of a linear chain with one extra electron~hole!, for
weakp conjugation a polaron is also generated. In this c
the electronic structure and distortions in the bond leng
for electron and hole doping differ significantly. These d
tinctions are caused by conjugation ofp electrons and
electron-electron interactions. ForU50 the electron string
polaron is spread out while the hole polaron conserves
form and rotates on the surface of the molecule. Inclusion
the Hubbard interaction makes no influence on the form
the electron polaron while the structure of the hole pola
returns, with slight quantitative changes, to the form char
teristic of a string polaron on an isolated molecule. Furth





















BELOSLUDOV, INERBAEV, BELOSLUDOV, AND KAWAZOE PHYSICAL REVIEW B67, 155410 ~2003!ance of the polaron in the linear chain. In this case the do
charge is located on the nearest atoms of neighboring m
ecules of chain and the bond lengths between neighbo
molecules change significantly. Hubbard on-site repuls
does not change the physical picture of formation and dis
pearance of the polaron.
Thus, as shown in this paper, single polarons existing
separate fullerene molecules can also exist in C60 solids for
adequately strongp conjugation. Existence of such polaron
is important to understand the charge transport mechan
in fullerene and heterofullerene molecules and C60 solids and
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